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Abstract 

We introduce a general notion of twistorial map and classify twistorial har- 
monic morphisms with one-dimensional fibres from self-dual four-manifolds. 
Such maps can be characterised as those which pull back Abelian monopoles to 
self-dual connections. In fact, the constructions involve solving a generalised 
monopole equation, and also the Beltrami fields equation of hydrodynamics, 
and lead to constructions of self-dual metrics. 

Introduction 

Harmonic morphisms between Riemannian manifolds are smooth maps which 
preserve Laplace's equation. By the basic characterisation theorem ( ^2] , P3] ), 
they are harmonic maps which are horizontally weakly conformal (see below). 

Classification results for harmonic morphisms with one-dimensional fibres can 
be found in [Hj , [B] , |H0j , JUL] and |32] • In it is proved that, from an Einstein 
manifold of dimension at least five, there are just two types ( [2j, [Hj ) of harmonic 
morphism with one-dimensional fibres. In dimension four, the situation is dif- 
ferent: from an Einstein 4-manifold there are precisely three types of harmonic 
morphism with one-dimensional fibres (SDj , [HI] (see also jHH|), where the first 
two types are as before. It is significant that all these three types of harmonic 
morphism are twistorial maps in the sense of Definition 13.31 below. Moreover, 
by a result of [HI] , submersive harmonic morphisms from Einstein 4- manifolds to 
Riemann surfaces are twistorial maps. 
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We shall see that a submersion with (nowhere degenerate) one-dimensional fi- 
bres from a four-dimensional (complex-) Riemannian manifold is twistorial if and 
only if it is self-dual in the sense of || . 

In this paper we classify twistorial harmonic morphisms with one-dimensional 
fibres from real-analytic Riemannian four-manifolds, finding precisely one more 
type which is related to a metric construction of jH] • 

In Section we review some basic facts on harmonic morphisms with one- 
dimensional fibres. In Section we introduce a notion of (almost) twistorial 
structure. Then, we recall ( [31], PP, JB], p5j ) some basic examples from twistor 
theory and show how they fit into our framework. In Section El we introduce 
the notion of twistorial map and then, also in Sections 0] and we show that 
many examples and facts from twistor theory appear as natural properties of 
such twistorial maps. To make our definition of twistorial, we must complexify 
our manifolds, so that we shall often work with complex-analytic maps between 
complex- Riemannian manifolds (see )• 

The main result of Sectional is a reformulation (Theorem 15. HI ) of a result of [Oj 
which gives a nice characterisation for twistorial maps with nowhere degenerate 
fibres from a four- dimensional oriented conformal manifold. We prove that the 
induced Weyl connection on the codomain coincides with the one hinted at in j§] . 
Such twistorial maps pull back (Abelian) monopoles to self-dual connections (cf. 
[TU] , [S] ); by using Theorem 15.31 . we show that this property is equivalent to the 
property of being twistorial. Then we show that twistorial harmonic morphisms 
if : (M A ,g) — > (N 3 ,h,D) are characterised by the property that there exist non- 
trivial monopoles on (N 3 , h, D) which are pulled back to flat connections. 

In Section|S]we prove fTheorem l6.3D that, from a real-analytic four-dimensional 
Riemannian manifold, there are, up to conformal changes with basic factor, just 
four types of twistorial harmonic morphism with one-dimensional fibres, where 
the first three types are as above with a slight extension of type 3, and type 4 is 
new. The proof involves solving the monopole equation (I5.15|) (cf. [33J). Recall 
[3~U] , [HI] , [33] that harmonic morphisms of type 3 are determined by the Beltrami 
fields equation (see [21] )• Here, this equation appears once more: for a harmonic 
morphism if : (M A ,g) — > (iV 3 , h) of type 4, the Lee form a with respect to h of 
the Weyl connection on N 3 , with respect to which if is twistorial, satisfies the 
Beltrami fields equation da = ± * a outside the zero set of a function, up to a 
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conformal change of h (Proposition 16.21 ). 

Theorem 16.31 together with a result of [5| (see Theorem 15.31 below), gives the 
classification of twistorial harmonic morphisms with one-dimensional fibres from 
a self-dual four-dimensional manifold with real-analytic metric (Corollary lfi.4j) . 

In [SB], we gave a new construction of Ricci-flat self-dual metrics based on har- 
monic morphisms of type 3. In Section [7J we show that harmonic morphisms are 
related to constructions of Einstein and self-dual metrics in (2Uj and jH] • 

We are grateful to D.M.J. Calderbank and K.P. Tod for useful comments on a 
preliminary version of this paper. 

1. Some facts on harmonic morphisms with one-dimensional fibres 

In this section we present some basic facts on harmonic morphisms with one- 
dimensional fibres. See |H| and [SHj for general accounts and pE] for a list of 
papers on harmonic morphisms. 

Definition 1.1. A harmonic morphism is a smooth map ip : (M m ,g) — > (A^ n , h) 
between Riemannian manifolds which pulls back (locally defined) harmonic func- 
tions to harmonic functions, i.e., if / : V — > R is a harmonic function on an open 
subset of N with tp~ l {V) nonempty, then f oip is a harmonic function on tp~ l {V). 

Definition 1.2. A smooth map ip : (M m ,g) — > (N n ,h) between Riemannian 
manifolds is horizontally (weakly) conformal if, at each point x G M, either 
d<p x = , in which case x is called a critical point of <p , or dip x : T X M — > T^^N 
is surjective and its restriction to the horizontal space Ji? x = (ker dipx) 1 - is a 
conformal (linear) map (J4? x , g x \^ x ) (T V ( X )N, h^i x -\) , in which case x is called 
a regular point of (p. Denote the conformality factor by X(x) . The resulting 
function A is called the dilation of <p . The dilation is smooth outside the set of 
critical points and can be extended to a continuous function on M m , with A 2 
smooth, by setting it equal to zero on the set of critical points. 

A smooth map is called horizontally homothetic if it is horizontally conformal 
with dilation constant along horizontal curves. 

A homothetic foliation is a foliation which is locally defined by horizontally 
homothetic submersions [HIH • 

Remark 1.3. A map (p : (M,g) — > (N,h) is horizontally weakly conformal if 
and only if, for each x G M, the adjoint dy?* : (T v ^N,h v ^ x )) — > (T x M,g x ) is a 
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weakly conformal linear map (with image ). This formulation shows that the 
condition of horizontal weak conformality is dual to that of weak conformality 
(see also §2.4]). 

The basic characterisation result for harmonic morphisms is the following. 

Theorem 1.4 ([T2j, ^H]). A smooth map between Riemannian manifolds is a 
harmonic morphism if and only if it is a harmonic map which is horizontally 
weakly conformal. 

It follows that the set of regular points of a nonconstant harmonic morphism 
is an open dense subset of the domain ^2] ■ 

The following two propositions give two of the four types of harmonic morphism 
with one-dimensional fibres that we shall meet (see Section 3 below). 

Proposition 1.5 ([2])- Let (p : (M n+1 ,g) — > (N n ,h) be a nonconstant horizon- 
tally weakly conformal map between Riemannian manifolds of dimensions n + 1 
and n , respectively (n > 1) . If n = 2 , then if is a harmonic morphism if and 
only if its fibres are geodesic at regular points. If n ^ 2 , then any two of the 
following assertions imply the third: 

(i) if is a harmonic morphism; 

(ii) the fibres of if are geodesic at regular points; 

(iii) if is horizontally homothetic. 

Proof. Let (f : (M m , g) — ► (N n , h) be a horizontally weakly conformal submersion. 
Then, at regular points we have the following fundamental equation (see, for 
example, §4.5] ) for the tension field r((p) G F(if*(TN)) of <f : 

(1.1) r(<p) + d^(trace( J B r )) = -(n - 2) d^(grad(log A)) 

where trace(i?^) is the trace of the second fundamental form of "V = kerdf and 
A is the dilation of <p . 

The proposition is an immediate consequence of (jl.lj) . □ 

Remark 1.6. Proposition 11.51 is true for maps with higher-dimensional fibres 
after replacing 'geodesic' with 'minimal'. 

Recall that a foliation is called Riemannian if it is locally defined by the fibres 
of Riemannian submersions; then we have the following result (see also §12.3] ). 
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Proposition 1.7 (|H|). Let ip : (M n+1 ,g) — > N n be a submersion with connected 
one- dimensional fibres from a Riemannian manifold of dimension n + 1 to a 
smooth manifold of dimension n (n > 3) . Suppose that the fibres of tp form an 
orientable Riemannian foliation. Then the following assertions are equivalent: 

(i) There exists a Riemannian metric h on N n with respect to which if : 
(M n+l ,g) — > (N n ,h) is a harmonic morphism; 

(ii) there exists a nowhere zero Killing vector field on (M n+1 ,g) tangent to the 
fibres of if . 

In general, harmonic morphisms with one-dimensional fibres have a local nor- 
mal form as follows. 

Theorem 1.8 (8). Let (M n+1 , N n , S 1 ) be a principal bundle with projection 
ip : M n+1 — > N n , endowed with a principal connection C TM. Let h be a 
Riemannian metric on N n and A a smooth positive function on M n+1 . 
Define a Riemannian metric on M n+1 by 

(1.2) g = \- 2 ip*(h) + X 2n - 4 6 2 

where 9 is the connection form of ffl . Then ip : (M n+1 ,g) —* (N n ,h) is a 
harmonic morphism. 

Conversely, any submersive harmonic morphism with one- dimensional fibres is 
locally of this form, up to isometries. 

See [HI §12.2], j2H] 5 [Hill ( an d for the case n = 2) for a proof of Theorem 11.81 
and a more explicit version of the converse. 

The vector field V on M n+1 which is the vertical dual of 9 (i.e., dip(V) = 
and #(V) = 1) is the infinitesimal generator of the local ^-action; it is called the 
fundamental (vertical) vector field; up to sign, it is characterised by the property 
that it is vertical and g(V, V) = A 2n " 4 . 

Remark 1.9. 1) By Proposition 11.51 . any horizontally homothetic submersion 
with geodesic fibres is a harmonic morphism. In the context of Theorem 11.81 this 
corresponds to the case when A is constant along horizontal curves; then if dA is 
nowhere zero, the horizontal distribution is integrable and totally umbilical. 
2) The Killing vector field of Proposition 11.71 is equal to (a multiple of) the 
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fundamental vector field. In fact, from Proposition 11.71 and Theorem 11.81 (see 
jH], [HI §12.3], [2H! ) we deduce the following: Let V be a Killing vector field 
on (M n+1 ,g) (n ^ 2) whose integral curves are the fibres of the submersion 
if : (M n+1 , g) — > N n ; let g denote the unique metric on N n with respect to which 
ip : (M n+1 ,g) — > (N n ,g) is a Riemannian submersion and A the positive smooth 

v 2n-4 , _ 

function on iV n such that y>*( A ) = g(V, V) ; then y> : (M n+ \ g) -»• (iV n , A #) 
is a harmonic morphism. In the context of Theorem 11.81 this corresponds to the 
case when A is constant along the fibres of ip . 

We end this section by recalling the following. 

Definition 1.10 ([SD], cf. [36 j). Let "V be (the tangent bundle of) a foliation on 
the Riemannian manifold (M m , g) . 

We say that produces harmonic morphisms if it can be locally defined by 
submersive harmonic morphisms. 

2. TWISTORIAL STRUCTURES 

In this section we shall work in the complex- analytic category. Thus, all man- 
ifolds will be complex and all maps will be complex-analytic. Examples of such 
manifolds and maps can be obtained by complexifying real-analytic maps between 
real-analytic manifolds. In particular, by a Riemannian manifold we shall mean 
a complex- Riemannian manifold in the sense of . 

We define horizontally (weakly) conformal maps similarly to Definition but 
A may then be a complex number defined only up to sign with the square dilation 
A 2 globally defined. 

In what follows, it is convenient to work with the following definition. 

Definition 2.1. Let M be a (complex) manifold. By an almost twistorial struc- 
ture ( on the manifold M) we shall mean a quadruple (P, M, ir, where it : P — ► 
M is a proper surjective (complex-analytic) submersion and & C TP is a distri- 
bution on P such that (ker d7r) R & — {0} ; we call & the twistor distribution of 
(P, M, 7T, &) . 

We shall call the almost twistorial structure (P, M, 7r, J?) integrable if its twistor 
distribution & is integrable. An integrable almost twistorial structure will be 
called a twistorial structure. If (P, M, tt, J^~) is a twistorial structure then the leaf 
space of is called the twistor space of (P, M, ir, . 
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Remark 2.2. 1) Let (P, M, 7r, J£~) be a twistorial structure. Assume that the 
foliation & is simple (that is, its leaf space Z is a manifold and the projection 
-kz '■ P —> Z is a submersion) and that any of its leaves intersect each fibre 
of 7r at most once. Then{7Tz(7r~ 1 (a;))} a ; g M is an analytic family [23J of compact 
submanifolds of Z, which we shall call twistor submanifolds, or twistor lines when 
they are projective lines. 

2) For all of the almost twistorial structures (P, M, tt, J^~) (dim = k) which 
will appear in this paper, the map P — > Gk(TM) , p t— > dTr(^ p ) , is an embedding 
of P into the Grassmann bundle of k- dimensional planes on TM. Such almost 
twistorial structures can be obtained as follows. 

By a linear partial connection on a vector bundle E — > M , over a distribution 
on M [7 j , we mean a morphism V from the sheaf of sections of E to the sheaf 
of sections of E ® J^* such that, if U is an open set of M, then V : T(U, E) — > 
r(U, E (g) Jif*) is a C -linear map which satisfies 

V(s/) = (Va)/ + s®d/L*. 

for any function f : U —*■ C and section s G T(U,E) ; in a similar way to the 
case of usual connections, any linear partial connection over Jif corresponds to 
a principal partial connection over M 3 on the frame bundle of E where by a 
principal partial connection, over Jif , on the principal bundle (P, M, G) , with 
projection tt : P — ► M, we mean a G-invariant distribution on P such that 
JT n ker dvr = {0} and d7r(JT) = Jt? . 

Now let J$? C TM be an n-dimensional distribution endowed with a linear par- 
tial connection D, over itself. Suppose that D corresponds to a principal partial 
connection, over Jjf, on a principal subbundle (Q,M,G), (G C GL(n, C)), of 
the bundle of (complex) frames of Let F C ^^(C™) be a submanifold which 
is invariant under the action of G and let P = Q x G F be the associated bundle. 
Clearly, P C Gk{^) ■ Also, D induces a connection X> C TP on 7r : P — > M. 
Then, for each p G P we define J^" p C T p P to be the horizontal lift, with respect 
to V, at p G P of p C t^rfp) . 

Usually, C7 C CO(n, C) where CO(n, C) is the complex-conformal group in 
dimension n , so that ^ is endowed with a conformal structure. Then, if D 
corresponds to a principal partial connection on the corresponding frame bundle 
(Q, M, CO{n, C )) , it is called a conformal partial connection. 
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3) Let (P, M, 7r, J^~), (dim M = m, dim & = k) be a twistorial structure where, 
as above, P is a subbundle of the Grassmann bundle G&(TM) and & is induced 
by some connection P on M which preserves P. Suppose that D is torsion-free 
and, for any p G P, there exists a totally geodesic submanifold of M, of dimension 
(m — k) , which passes through Tr(p) and which is transversal to p. Then each 
point of M has an open neighbourhood U such that ^\ n -i-(u) is simple. 

Next, we give the basic examples of almost twistorial structures with which we 
shall work. Recall that we are working in the complex-analytic category. First, 
we consider structures over 2- and 3-dimensional manifolds. 

Example 2.3 (C.R. LeBrun |2Sj)- Let M = M 2 be a two-dimensional Riemann- 
ian manifold and let 7r : P — > M be the bundle of null directions on M 2 . Clearly, 
P = det(0(M)) and hence tt : P — > M is a Z 2 -covering. Furthermore, there exists 
a canonical one-dimensional foliation ^onP such that 7r locally maps leaves of 
& to (local) null geodesies on M 2 . Hence any two-dimensional Riemannian (or 
conformal, if one prefers) manifold M 2 is canonically endowed with the twistorial 
structure (P, M, vr, 

Conversely, any (almost) twistorial structure (P, M,7r, JP) with dimM = 2, 
dim = 1 and 7r : P —>■ M a Z2-covering such that the map P — > P(TM) , 
p i— > d7r(J^p) , is an embedding is induced by a conformal structure as above. 

If the Riemannian manifold M 2 is orientable (equivalently, if the Z 2 -covering 
7r : P — > M is trivial) then P = M + U M_ where M + and M_ are copies of 
M . Hence, there exist two foliations by null geodesies and on M, which 
are the projections of & restricted to M + and M_, respectively. Therefore, the 
twistor space Z = Z(M) of the canonical twistorial structure of an oriented two- 
dimensional Riemannian manifold M 2 (more generally, of a two-dimensional man- 
ifold endowed with an oriented conformal structure) is the space of null geodesies 
[25 of M 2 . Then, locally, Z is the disjoint union of two curves Z = C + U C_ 
and M = C + x C_. Also, note that the (complex- analytic) almost Hermitian 
structures J± on M defined by J±(X) = ±iX for X G J^± are integrable. 

Let (M,g) be a Riemannian manifold, dimM = m. A degenerate hyperplane 
H C TM is a subspace of codimension one such that g\u is degenerate (equiva- 
lently, H is the orthogonal complement of a null vector which is thus contained in 
H) (cf. ); if dimM = 3 we shall say degenerate plane. For fixed x G M, the 
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space of degenerate hyperplanes in T X M can be identified with the nonsingular 
quadric Q m -2 in P(T X M). 

Example 2.4 (N.J. Hitchin pij). Let M 3 be a three-dimensional Riemannian 
manifold. Let D be a Weyl connection (that is, a torsion-free conformal connec- 
tion) on M. Let tt : P — > M be the bundle of degenerate planes on M 3 . Then 
P = CO(M) x p CP 1 where CO(M) is bundle of conformal frames of M 3 and 
p is the action of CO(3, C) on CP 1 = C C 3 degenerate plane } induced 

by the canonical action of CO(3,C) on C 3 . Thus D induces a connection on 
7r : P — > M and, for each p G P, we define C T p P to be the horizontal lift 
at p G P of p C T 7r ( p )M . Obviously, the almost twistorial structure (P, M, ir, 
depends only on D and on the conformal class c of the metric of M 3 . 

Theorem 2.5 (|18j). The twistor distribution & is integrable if and only if D is 
Einstein-Weyl. 

Furthermore, if D is Einstein-Weyl then (locally) the leaf space Z of & con- 
tains a locally complete analytic family of projective lines each of which has normal 
bundle 0(2) . Conversely, any surface Z containing a projective line with normal 
bundle 0(2) is (locally) the twistor space of a 3 -dimensional Riemannian mani- 
fold M 3 endowed with an Einstein-Weyl connection D. The conformal structure 
of M 3 and the Einstein-Weyl connection D are uniquely determined. 

Let (P, M, ir, J£") be the twistorial structure corresponding, as above, to (M 3 , D) 
where D is an Einstein-Weyl connection on M 3 . Then, as just explained, & is 
integrable and the locally complete analytic family of projective lines on Z of 
Theorem 12.51 appears as in Remark 12.2( 1) (see, also, Remark I2.2f 3) ): each pro- 
jective line represents all the (local) degenerate surfaces through a given point 
which are totally-geodesic with respect to D . The fact that the normal bundle 
of any twistor line in Z is 0(2) can be proved as follows. Let t = CP 1 be a 
fibre of 7r . Then the normal bundle of TTz{t) = CP 1 in Z is (isomorphic to) 
(t x C 3 )/(i^ t ). Now, &\ t is the restriction to t = Q x C CP 2 = G 2 (C 3 ) of 
the tautological plane bundle E over (^(C 3 ) where Qi is the one-dimensional 
nonsingular quadric and (^(C 3 ) is the Grassmann manifold of planes in C 3 . As 
(G2(C 3 ) x C 3 ) / E = H where H — > CP 2 is the hyperplane bundle and the em- 
bedding t = CP 1 = Qi^ CP 2 has degree two we obtain (t x C 3 ) /(^\ t ) = 0(2) . 

Note that, locally, any leaf of & is mapped by ix to a degenerate surface in 
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M 3 which is totally geodesic with respect to D, and so Z is, locally, the space of 
degenerate surfaces on M 3 which are totally geodesic with respect to D . 

Finally, we discuss an important example of almost twistorial structures over 
a four-dimensional manifold. 

Example 2.6 (R. Penrose [H]; M.F. Atiyah, N.J. Hitchin, I.M. Singer [T]). 
(i) Let M 4 be a four- dimensional Riemannian manifold. A plane H C TM on 
(M , g) is called null if g\n = . Let ir : P — > M be the bundle of null planes on 
M 4 . Then the Levi-Civita connection of M 4 induces a connection on tt : P — > M 
and, for each p G P, we define J£" p C T P P to be the horizontal lift at p G P 
of p C T n ( p }M . As J? is conformally invariant, the almost twistorial structure 
(P, M, 7r, J?) canonically associated to M 4 is conformally invariant. It is well 
known that & is integrable if and only if M 4 is conformally flat (a consequence 
of Theorem 12 .7\ below). 

(ii) We have that (M 4 , g) is orientable if and only if P = P + UP_ is the disjoint 
union of two CP 1 -bundles over M 4 . In this case, with respect to a choice of 
orientation on M 4 , P + — > M is the bundle of self- dual planes on M 4 and P_ — > M 
is the bundle of anti- self- dual planes on M 4 . (Self-dual and anti-self-dual planes 
are sometimes called a-planes and j3-planes, see |2Hj •) Then, with 7r± = 7r|p ± 
and #± = &\p± , (P±, M, 7r±, are almost twistorial structures on M 4 . These 
almost twistorial structures are conformally invariant and so are well defined on 
any four- dimensional manifold endowed with an oriented conformal structure. 

Theorem 2.7 (|34j. pQ). The twistor distribution is integrable if and only if 
M A is self-dual. (Similarly, is integrable if and only if M 4 is anti-self-dual.) 

Furthermore, if M 4 is self-dual then (locally) the leaf space Z of contains 
a locally complete analytic family of projective lines each of which has normal 
bundle 0(1) (BO(l) . Conversely, any three-dimensional manifold Z containing a 
projective line with normal bundle 0(1) © is (locally) the twistor space of a 
self-dual Riemannian 4-manifold which is uniquely determined, up to a conformal 
change of the metric. 

As the oriented Z2-covering of a ncmorientable Riemannian manifold is canon- 
ically endowed with an orientation-reversing isometry, the oriented Z2-covering 
of a nonorientable Riemannian four- manifold M 4 is (anti-) self-dual if and only if 
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M 4 is conformally flat. 

Let (P_, M, 7r_, be the twistorial structure corresponding, as above, to 
the four-dimensional self-dual Riemannnian manifold M 4 . Then, by Theorem 
\2.7\ is integrable and the locally complete analytic family of projective lines 
j2B] on Z appears again as in Remark 12.2( 1) (see, also, Remark 12.2( 3) ): each 
projective line represents all the (local) anti-self-dual surfaces through a given 
point. The fact that the normal bundle of any twistor line in Z is 0(1) © 0(1) 
can be proved as follows. Let t = CP 1 be a fibre of 7r_ . Then the normal bundle 
of ir z (t) = CP 1 in Z is (isomorphic to) (t x C 4 )/(J^| t ) . Now, &_\ t is the re- 
striction to t — CP 1 C G 2 (C 4 ) of the tautological plane bundle E over C7 2 (C 4 ). 
As any anti-self-dual p plane onC 4 = C 2 ©C 2 is given byp = {t>©t> / |i>GC 2 } 
for some fixed v ' G C 2 we have that E\ t = 0{— 1) © 0(— 1) and hence the normal 
bundle of ir z (t) in Z is 0(1) © 0(1) . 

Note that, locally, any leaf of J^~_ is mapped by 7r_ to an anti-self-dual surface 
in M 4 so Z is, locally, the space of anti-self-dual surfaces in M 4 . 

Remark 2.8. The twistorial structures of Example 12.41 are reductions of the 
twistorial structures of Example 12.61 [13] (see P ). 

3. Twistorial maps 

In this section, unless otherwise stated, we again work in the complex-analytic 
category, thus all the manifolds are complex and all the maps are complex- 
analytic. 

In what follows, it is convenient to work with the following definitions. We 
start with an important special case. 

Definition 3.1. Let a = (P, M, 7Tp, and r = (Q, N, tcq, £f ) be almost twisto- 
rial structures over M and N, respectively. Let <p : M — > be a map. Suppose 
that there exists a map $ : P — > Q which covers ip (that is, hq o $ = ip o up). 

Then ip : (M, a) — > (iV, r) will be called a twistorial map (with respect to $j if 
d$(jg C ^(p) for all p G P. 

The following lemma allows us to construct 'substructures' of an almost twisto- 
rial structure; its proof is omitted. 
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Lemma 3.2. Let o = (P, M, n, JP) be an almost twistorial structure and let 
P' C P be a closed submanifold such that 7r(P') = M. Suppose that & p C T P P' 
for all p £ P' and dim(T p P' H ker dn p ) does not depend on p £ P' . 
Then o' = (P', M, ir\p>, <^\p') is an almost twistorial structure. 

Next, we generalize the definition of twistorial map by allowing $ to be a map 
between such substructures. 

Definition 3.3. Let a = (P, M, Tip, and r = (Q, N, 7Tq, £f ) be almost twisto- 
rial structures over M and N, respectively, and let (p : M — > N be a map. 
Let P' C P be as in Lemma 13.21 and similarly for Q' C Q so that cr' = 
(P',M,7rp| P /,TP' n ^) and r' = (Q',N, tt q \q>,TQ' n are almost twistorial 
structures. Suppose that is covered by a map $ : P' — ► Q'. Then the 
map : (M, a) — > (N,t) will be called a twistorial map (with respect to <&) 
if d$(^ p ) C ^(p) for all p £ P'. 

Often, our choice of P' and Q' will depend on the map p . 

If the distributions &\p> and @\q> are integrable with leaf spaces Z(M, <p) and 
Z(N,<p), respectively, then we have an induced local map Z(p) : Z(M,ip) — ► 
Z(iV, (^o) which we shall call the twistorial representation of <£>. 

Remark 3.4. 1) Any real-analytic (Riemannian) manifold has a germ-unique 
complexification to a complex (-Riemannian) manifold [213 • We can complexify 
any real-analytic map between real-analytic manifolds, i.e., extend it to (the germ 
of) a complex- analytic map between complexifications of those manifolds. A map 
between real-analytic manifolds will be called twistorial if its complexification is 
twistorial. 

2) Note that Definition 13. II is the case when P' = P and Q' = Q . 

3) In all our examples, P is embedded as a subbundle of some Grassmann 
bundle G^iTM) , as in Remark I2.2f 2) . Also, $ will be naturally induced by dtp 
so that we shall write Q = dp\p> . 

4) In Definition 13 .3[ if the distributions & and 5f are integrable and Z(M), 
Z(M, p), Z(N), Z(N, p) are the leaf spaces of & , &\pi , , ^\q> , respectively, 
then we have induced local maps Z(M, p) — ► Z(M), Z(N, <p) — > Z(N) . 

5) Most of the twistorial maps which will appear in this paper are submersive 
maps. We could also consider twistorial foliations, that is, foliations which are 
locally defined by submersive twistorial maps; most of the facts that follow can 
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be easily reformulated in terms of such foliations. 

6) (Compositions) If Mj (j = 1,2,3) are endowed with almost twistorial 
structures Tj = (Pj, Mj,iTj, J^j-) (j = 1,2,3) and <px '■ (M^Ti) — > (M 2 ,r 2 ), 
(fi2 : (M2,T2) — > (Ma,T3) are twistorial maps with respect to $i : P[ — > Q[ and 
$ 2 : P' 2 -> Q' 2 , such that $i(P0 C P 2 ' , then : (M,n) -> (M, r 3 ) is a 

twistorial map with respect to $ 2 ° • 

The following simple proposition will be useful later on. 

Proposition 3.5. Let M be a manifold endowed with a linear connection D and 
let Jif C T(Gk{TM)) be the connection induced by D on the Grassmann bundle 
7i : Gk{TM) — > M of k- dimensional planes on M (k < dimMj. Let & be the k- 
dimensional distribution on Gk(TM) defined by setting equal to the horizontal 
lift atpe G k (TM) of pC T n{p) M. 

Then, for a distribution s : M —>■ G^iTM) on M the following assertions are 
equivalent: 

(i) &.{ X ) C T s{x) {s{M)) for all x e M; 

(ii) for any curve c tangent to the distribution s on M we have that s o c is a 
parallel section of G^iTM); 

(hi) for any vector fields X, Y G T(s) we have DxY G r(s) . 
Furthermore, if D is torsion free then, the following assertion can be added to 
this list: 

(iv) the distribution s is integrable and its leaves are totally geodesic with respect 
to D . 

Proof. Assertion (i) is equivalent to the fact that for any X G s(x) we have 
ds(X) G JP s (x) ; this is clearly equivalent to assertion (ii). 

Assertion (ii) is equivalent to the fact that the distribution s is invariant under 
parallel transport along curves tangent to s . Then, the equivalence of (ii) and 
(hi) follows from the fact that, if U C C is a domain in C , H is a Lie subgroup 
of the Lie group G and {a z ) z& jj is a curve in G such that a zo G H for some Zq G U 
and 6(da z /dz) G L(H) for all zeU, where 6 G T(L(G) ® T*G) is the canonical 
form of G, then a z G H for all z G U. 

If D is torsion free, the equivalence (hi) <^=^ (iv) is trivial. □ 

Example 3.6. We interpret the twistor lift of J. Eells and S. Salamon ^T] in our 
framework. Let M 2 and A^ 4 be manifolds of dimension two and four, respectively, 
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endowed with oriented conformal structures and let tp : M 2 — > A^ 4 be an injective 
conformal immersion. 

Endow M 2 and A^ 4 with the almost twistorial structures (P, M, n, JP) and 
(P_, N, 7r_, J£"_) of Examples 12 .HI and 12.61 . respectively. 

As (p maps null directions on M 2 to null directions on A^ 4 , we can define 
$_ : P — > P_ by is the anti-self-dual plane containing d(f(p) , for each null 

direction p on M 2 . Then, if is twistorial with respect to $_ if and only if, for any 
null geodesic 7 on M 2 , $_ o 7 is parallel along ^07. If A^ 4 is self-dual then </j is 
twistorial with respect to if and only if, for any null geodesic 7 on M 2 there 
exists a (necessarily unique) anti-self-dual surface S* 7 C A^ 4 such that ^(7) C 5* 7 . 
Then, the map 7 1— ► 5 7 is the twistorial representation of <£> whose image is a pair 
of (local) curves in Z(N) . 

A nowhere degenerate surface in A^ 4 will be called a (— ) twistorial surface if 
the corresponding inclusion map is twistorial, in the above sense. 

Similarly, we define (+) twistorial surfaces by using instead the almost twistorial 
structure (P+, N, tt + , JP + ) of Example I2.fif ii) . A nowhere degenerate surface on 
an oriented four-dimensional conformal manifold is totally umbilical if and only 
if it is both (+) twistorial and (—) twistorial ^1] . 

4. Twistorial maps to surfaces 

We shall now describe the twistorial maps which we shall need, namely those 
with nowhere degenerate fibres. 

Example 4.1 (cf. jl], [HI]). Let (p : M 3 — > A^ 2 be a surjective submersion 
whose fibres are nowhere null from a Riemannian manifold onto an oriented Rie- 
mannian manifold. Let D be a Weyl connection on M 3 . We consider M 3 to be 
endowed with the almost twistorial structure (P, M, ir, of Example 12.41 . and 
A^ 2 with the twistorial structure of Example 12. 'M i) with Q — ► A" the bundle of 
null directions on A^ 2 . 

At each x € M there are precisely two horizontal null directions h + (x) and 
h-(x) . Thus to if correspond the two disjoint embeddings M± = h±(M) =— >• P 
given by x 1 — ► h±(x)- L = Span(/i±(x), ker dip x ) . 

As dimP = 4, dim J^" = 2 and dimM-t = 3 , at each degenerate plane p G M±, 
d±(p) = dim(^" p n T p M±) £ {1, 2} . 
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By Proposition d± = 2 on M± if and only if ip : M 3 — > N 2 is a horizontally 
conformal submersion with fibres which are geodesic with respect to D. There- 
fore, <p is a twistorial map with P' = M + U M_ (and $ = d<p\pi : P' — > Q) if and 
only if it is a horizontally conformal submersion with geodesic fibres (with respect 
to D) . If -D is Einstein-Weyl, then Z(M, (p) = C + U C_ is the leaf space of the 
foliation induced by & on M + UM_ and the map Z(M, ip) — > Z(M) is simply the 
inclusion C + UC_ <^-> Z(M) . Obviously C + and C_ are transversal to the twistor 
lines in Z(M) . Also, Z(N, ip) = Z(N) is the space of null geodesies of N 2 , which, 
as a consequence of the horizontal conformality of ip can be canonically identified 
with C + U C_ , then the twistorial representation of (p is simply the identifica- 
tion map C + U C_ — ► Z(N). To retrieve (p from its twistorial representation, 
let x G M 3 ; this corresponds to the twistor line t x C Z(M). Then, locally, t x 
meets C + and C_ in two points which, under the identification C + U C_ = Z(N), 
correspond to two null geodesies on iV 2 whose intersection is precisely <p(x). 

If d± = 1 on M± then & induces a one-dimensional foliation on M + U M_ . For 
example, if <p : M 3 — > A^ 2 is a horizontally conformal submersion (with nowhere 
null fibres) whose fibres are nowhere geodesies, then d± = 1 on M± and the leaves 
of the induced foliation on M + U M_ project onto the horizontal null geodesies. 
Therefore, a horizontally conformal submersion <p : M 3 — > N 2 is a twistorial map 
if and only if its fibres are geodesies (with respect to D ). For such a horizontally 
conformal submersion, if D is Einstein-Weyl, then, at least locally, any totally 
geodesic (with respect to D) degenerate surface contains precisely one horizontal 
null geodesic and so we have two local sections Z± ■=— > M{M) of the canonical pro- 
jection [IE] N(M) — > Z(M) where Af(M) is the space of null geodesies of M 3 so 
that Z + UZ_ is the space of null geodesies of M 3 which are horizontal with respect 
to (p. If (p is twistorial (with respect to D), then the fibres of M{M) — > Z(M) 
induce a one-dimensional foliation on Z + U Z_ whose leaf space is C + U C_ . 

The following result (cf. Theorem 14.51 and Theorem 15.111 below), which is a 
consequence of Proposition 11.51 and Example 14. 1| is a rephrasing of the starting 
point of the classification results of [S], |lj (see also [HI Chapters 1 and 6]), there 
given for the smooth category. 

Proposition 4.2. Let ip : M 3 — > N 2 be the complexification of a real- analytic 
submersive map between Riemannian manifolds. Equip M 3 with the Levi-Civita 
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connection and endow it with the almost twistorial structure of Example \2.J\ ; 
equip N 2 with the twistorial structure of Example \2.?ft . 

Then, ip is a twistorial map, in the sense of Example \4-l\ , if and only if it is 
the complexification of a harmonic morphism. □ 

Definition 4.3. Let M 4 be an oriented four- dimensional Riemannian manifold 
considered with the almost twistorial structure r_ = (P_ , M, 7r_ , ) of Example 
EEln) , with 7i~_ : P — > M the bundle of ant i- self- dual planes. Let <p : M 4 — > N n 
be a surjective submersive map with n (= dim N) = 2 or 3 . Let r = (Q, N, 7r £f ) 
be the almost twistorial structure of Example 12.31 (if n = 2), or of Example 12.41 
for some Weyl connection on N (if n = 3). 

We shall say that ip is (— ) twistorial (with respect to $>) if <p : (M, r_) — > (JV, r) 
is a twistorial map with respect to $ = dtp\pt : P' — > Q for some P' C P_ as in 
Lemma 13.21 

Similarly, we define what is meant by <p> is (+)twistorial by using instead the 
almost twistorial structure (P + , N, n + , JP + ) of Example I2.6r ii) . We shall write 
(±) twistorial to mean (+)twistorial or (—) twistorial. 

Example 4.4 (cf. |37j). Let (p : M 4 — > N 2 be a surjective submersion between ori- 
ented Riemannian manifolds, whose fibres are nowhere degenerate. We consider 
M 4 endowed with the almost twistorial structure (P_, M, 7r_, of Examples 
I2.6n i) with P = P_ the bundle of anti-self-dual planes on M 4 , and N 2 endowed 
with the twistorial structure (Q, N, it, @) of Examples 12. 31 . with Q N the bun- 
dle of null directions on iV 2 . 

At each point x e M 4 there are precisely two horizontal null directions h + (x), 
h-(x) and two vertical null directions v + (x), V-(x). Let p + (x) (respectively, 
P-(x) ) be the (null) plane spanned by h + (x) and v+(x) (respectively, h-(x) and 
v_(x) ). Then, from the fact that through each null direction there passes a 
unique (anti-)self-dual plane, it easily follows that either both p+(x) and p~{x) 
are self-dual or both are anti-self-dual. We assume that we have chosen the ori- 
entations such that both p+(x) and p_(x) are anti-self-dual planes. These give 
two disjoint embeddings M± = p±{M) '—t P_ . 

As dimP_ = 5, dimJ^ = 2 and dimM± = 4, at each null plane p G M± we 
have d±(p) = dim(^ p n T P M±) G {1, 2} . 

By Proposition 13. 5[ d± = 2 on M± if and only if the two distributions p + 
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and p- are integrable and totally geodesic. This is equivalent to the fact that 
the almost Hermitian structures J± defined by J±(X) = ±iX for X G p± are 
integrable. Then, tp maps any leaf of p + and p^ to a null geodesic on N 2 ; in 
particular, tp is horizontally conformal. Thus, a necessary condition for ip to be 
(— )twistorial is that ip be horizontally conformal. Then, on setting P' = M + UM_ 
and $ = dip\p> : P' — > Q , is a {—) twistorial map with respect to $ if and only 
if J_(= — J+) integrable. 

If is (— )twistorial, then the anti-self-dual surfaces on M 4 which are leaves of 
the distributions p + or p_ are foliated by horizontal null geodesies (this follows 
from the fact that (p is horizontally conformal and, by definition, at each point 
x G M 4 , the space p±(x) intersects the horizontal space of (p at x along a null 
direction). If, further, M 4 is self-dual, then Z(M, cp) = S + U S- is the leaf space 
of the foliation induced by & on M + U M_, and the map Z(M,(p) — > Z(M) is 
simply the inclusion 5 + U 5_ "-^ Z(M) . Obviously S + and S 1 - are transversal to 
the twistor lines. Furthermore, as the preimage of a null geodesic on iV 2 through 
p> is a hypersurface on M 4 foliated by anti-self- dual surfaces, the two 'surfaces' 
S + and S- in Z(M) are foliated by curves with leaf spaces C + and C_. Also, 
Z(N, cp) = Z(N) is the space of null geodesies of iV 2 which, as a consequence of 
the horizontal conformality of <p , can be canonically identified with C + UC_ ; then 
the twistorial representation of <p is simply the projection S + U S- — > ^(A r ). To 
retrieve 99 from its twistorial representation, let x G M 4 ; this corresponds to the 
twistor line t x C Z(M). Then, locally, t x meets 5 + and S- in two points which 
are projected by S'+US- — > Z(N) to two points: one in C + and the other in 
C_. These correspond to two null geodesies on iV 2 whose intersection is precisely 
<p(x). 

In a similar way to Example 14.11 if ip : M 4 — > N 2 is a horizontally confor- 
mal submersion for which </-(= — J+) is nowhere integrable then <i± = 1 on M-t 
and, if M 4 is self-dual then, locally, each anti-self-dual surface contains precisely 
one horizontal null geodesic and so we have two local sections Z± M{M) of 
the canonical projection (see [TH] ) Af(M) — >■ Z(M) , where J\f(M) is the space 
of null geodesies of M 4 |2S] • Note that if <y? is (— ) twistorial then the fibres of 
M{M) — > Z(M) induce on Z + UZ_a one-dimensional foliation whose leaf space 
is 5 + US_. 

A horizontally conformal submersion ip : M 4 — ► A^ 2 with nowhere degenerate 
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fibres is (— )twistorial if and only if its fibres are (— )twistorial in the sense of 
Example 13.61 . In particular, a horizontally conformal submersion (p : M 4 — > iV 2 
with nowhere degenerate fibres is both (+)twistorial and (-)twistorial if and only 
if it has totally umbilical fibres (cf. Example 13. 6j) . 

The following theorem is a reformulation of a result of [37] (cf. Proposition 14.21 
and Theorem I5.11| below). 

Theorem 4.5. Let M 4 be an orientable four- dimensional Einstein manifold and 
let ip : M 4 — > N 2 be the complexification of a submersive harmonic morphism. 
Then, with a suitable choice of orientations, ip is (-)twistorial. □ 

Remark 4.6. 1) Let M be a manifold endowed with an almost twistorial struc- 
ture t = (P, M, 7r, (dim = k), such that the map P — > Gk{TM) given by 
p i— > d7r(j^p) is an embedding of P in the Grassmann bundle of k- dimensional 
planes on M. 

Then r is integrable if, locally, there are sufficiently many twistorial maps from 
(M, r); for example, if for each p G P there exists a (local) twistorial map (p 
from (M, r) such that ker d(^ 7r ( p ) = p then r is integrable. In the above examples 
this condition is also necessary; moreover other similar necessary and sufficient 
conditions can easily be formulated. In Theorem 15.31 below, we shall see that 
the existence of a single suitable twistorial map may be sufficient for a twistorial 
structure to be integrable. 

2) Twistorial maps as in Example I4.1[ Example 14.41 and as in the next section 
appear, in a more or less explicit way, in [26 . 

5. Twistorial maps with one-dimensional fibres from 
four-dimensional rlemannian manifolds 

In this section we continue to work in the complex-analytic category. The 
almost twistorial structures which may appear in this section will be those of 
Examples 12.41 and 12.61 As usual, the results can be applied to the real-analytic 
category by complexification ( Remark 13 .4j) . 

Let (p : M 4 — > N 3 be a surjective submersive map with nowhere degenerate 
fibres from an oriented 4-dimensional Riemannian manifold to a 3-dimensional 
Riemannian manifold . Suppose, for the moment, that M 4 is self-dual and is 
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endowed with the twistorial structure of Example I2.fif ii) , with P = P_ the bun- 
dle of anti-self-dual planes of M 4 , and that N 3 is endowed with the twistorial 
structure of Example 12.41 . which corresponds to an Einstein- Weyl connection D 
on TV 3 , with Q the bundle of degenerate planes on iV 3 . Then, it is clear that (p is 
(— ) twistorial for a suitable choice of P' C P if and only if it maps some, if not 
all, of the anti-self-dual surfaces on M 4 to totally geodesic degenerate surfaces on 
(N 3 ,D) (cf. PH, GOD- But, unless we introduce some extra structure, there is 
no reason to ignore any of the anti-self-dual surfaces on M 4 . Moreover, if p maps 
anti-self-dual surfaces on M 4 to totally geodesic degenerate surfaces on (N 3 ,D), 
then, in particular, dp maps anti-self-dual planes on M 4 to degenerate planes on 
iV 3 which is equivalent to the condition that p be horizontally conformal (indeed, 
the differential dp> x , (x G M), maps the orthogonal complement, in J4? x , of a null 
direction I C J^ x onto the orthogonal complement of a null direction k C T V ^N 
if and only if the adjoint of dip x maps k onto I; thus, as the horizontal projection 
of any anti-self-dual plane is a degenerate horizontal plane and any degenerate 
horizontal plane is obtained in this way, dip maps anti-self-dual planes on M 4 
to degenerate planes on N 3 if and only if the adjoint of dp is conformal at each 
point). 

Therefore, given an oriented Riemannian manifold M 4 and a horizontally con- 
formal submersion p : M 4 — > iV 3 with nowhere degenerate fibres onto a Riemann- 
ian manifold, we shall look for necessary and sufficient conditions under which 
there exists a Weyl connection D on N 3 with respect to which p : M 4 — > (N 3 , D) 
is a (— ) twistorial map with P' = P_ the bundle of anti-self-dual planes on M 4 . 

To do this, we first place the discussion in a slightly more general context. 
Let M 4 be an oriented Riemannian manifold and let J4f be a nowhere degen- 
erate three-dimensional distribution. Denote, as usual, = ffl^ and assume 
that (^,g\y) and (J$f, g\jp) are oriented so that the isomorphism (TM,g) = 
{y,g\t) © g\je) is orientation preserving. Let J*^° be the integrability 2- 
form of ^ defined by I^{X, Y) = -g(U, [X, Y]) for all local sections X, Y of 
where U is the positive unit section of "V . Also, let be the second fundamen- 
tal form of ^ defined by B^{X, Y) = \Y{V X Y + VyX) for any local horizontal 
vector fields X and Y, where V is the Levi-Civita connection of (M A ,g) . Then 
we define a section of ® Jf* by B je {X,Y) = g(U, B M \X,Y)) for any 
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horizontal X and Y\ we shall denote by the trace-free part of . Let * ^ j9 
be the Hodge star-operator on {Jrif, g\jg>) ■ 

Recall (see ) that if D is a conformal connection on a conformal manifold 
(M, c) and g is a local representative of c on some open set U, then the Lee form of 
D with respect to g is the one-form a 6 r(T*[/) characterised by Pg = —2a ® (7 . 
The Lee form of a conformal partial connection can be defined in a similar way. 
Also, if D is a partial connection on Jj?, over J^ 5 , then its torsion T , with respect 
to y, is defined by T(X, Y) = D X Y - D Y X - Jf?[X, Y] for any local sections X 
and Y of M 3 . We now introduce a conformal partial connection which encodes 
the condition of twistoriality. 

Definition 5.1 (cf. |9J). The conformal partial connections D± induced by g on 
are the unique conformal partial connections on (Ji?,g\jg>) , over M 3 , whose 
Lee forms a± and torsion tensors T± , with respect to "V , are given by 

a± = trace(5 r ) b ± * J e,gI je , 

where we have identified Jif <E> J^f* and Jif* <E> M 3 * by using g\jp . 

If ffl is totally umbilical then P_ is the horizontal part of a Weyl connection 
of §4] . 

Let 7r : P — >• M be the bundle of degenerate planes of J4? . As in Example 
12.41 . D_ induces a twistor distribution j^f defined by setting &??(p) C T p P^ 
equal to the horizontal lift at p G P -jr , with respect to P_ , of p C ^0^*?^. 
Assume, for simplicity, that ~f = kerdip where ip : M 4 — > N 3 is a surjective 
submersion. 

Proposition 5.2. (a) Let ^ be a null geodesic on (M 4 ,g) . 

(1) 1/7 is horizontal then it is a geodesic of P_ . 

(2) Suppose that 7 is not horizontal at xo = 7(0) ; let po- Q T Xo M be the anti- 
self-dual plane containing {6q / dz)(0) and let p = J^(p Q _) . Denote by c the 
(local) horizontal curve such that c(0) = Xq and <£> o c = o 7 . 

If p is the field of horizontal degenerate planes along c such that p(0) = po then 
(dp/dz)(0) e . 

(b) Moreover, if D is a conformal partial connection on (J4?,g\j%>) which has 
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this property for all nonhorizontal null geodesies on (M 4 ,g) , and whose torsion 
T D , with respect to ~f , is such that *T D is self- adjoint and trace- free, then D = 
D_ . In particular, D_ is conformally invariant. 

Proof. (1) Suppose that 7 is horizontal and let Y be its velocity vector field. Then 
B'jf{Y, Y) = and hence also (*^ i9 T_)(F) = 0; equivalently, T_ restricted to 
Y 1 is zero, and thus g(Y, T-(X, Y)) = for any X G Y ± . 

Because 7 is a null curve and D_ is conformal, we have that £L G Y 1 - at 
each point of 7 . Thus, to prove that 7 is a geodesic of D_ , it is sufficient to 
prove that g(D_ yY, X) = for any X G Y- 1 . The proof follows from the fact 
that -D_ yY = VyY + 2a^(Y)Y where V is the Levi-Civita connection of g . 

(2) If 7 is not horizontal then we can write d'j/ dz = X + iU where X is 
horizontal, U is vertical and g(X,X) = g(U, U) = a 2 7^ . Extend X and U to 
local sections of J$f and ^ respectively. We can assume that X is a basic vector 
field and a~ x U is positive on (y,g[y). Then, along 7, we have 

(5.2) V x+iU (X + iU) = V X X -V V U + i(V x U + V V X) = 

where V is the Levi-Civita connection of (M 4 , g) . 

We see from (15. 2|) that, for any horizontal vector field Y, we have 

g(V x X, Y) - giVuU, Y) + ig(V x U, Y) + ig{V v X, Y) = 

along 7 . 

Now, assume that Y is null (and horizontal) and g(X, Y) = . Then, by using 
the fact that X is basic, the last relation implies that 

(5.3) g(V x X,Y) =a 2 {g(trace(B r ),Y) - \I^{a' x XX) + 2i£^(a~ 1 X, F)} 

along 7 where we have assumed that {a^U} is a positive local frame of (Y, g\ y) . 

On the other hand, let D be a conformal partial connection on (J^f,g\jg>) , let 
T be its torsion with respect to and let a be its Lee form with respect to g\j? . 
Then we have 

(5.4) g(V x X, Y) = g(D x X, Y) + a(Y)g{X, X) + g(X, T(X, Y)) . 

Let {X , Xi, X 2 , X 3 } be a positive local orthonormal frame on (M 4 ,g) such 
that Xq = a~ 1 U and X% = a~ 1 X . Then {X\,X2,Xz} is a positive orthonormal 
local frame of (J^ 7 , g\jp). Take Y = X2 + 1X3 and note that po- is spanned by 
{X xo +i U xo , Y xo } and p by {X xo , Y xo } . Also, c is the integral curve of X through 
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xo so that p z is spanned by {X c ^, Y c ^} at each z . 

Then (dp/ dz)(0) is horizontal with respect to the connection induced by D on 
jjjp . P ^ _ M if and only if (D X X) X0 G ; equivalents g({D x X) X0 , Y XQ ) = . 
By (|5.H|) and (|5.4jl , the last condition is equivalent to 

(5.5) a(Y)-g(tmce(B y ),Y)+H^(X h Y) = -g(X 1 ,T(X 1 ,Y))+2iB Jff '(X u Y) 
at x . Condition ()5.5j) is equivalent to 

(5.6) (a - trace(5 r ) b + * / , ,/ // ) (Y) = -g(X u T(X U Y)) + 2i B^(X U Y) 

at Xo . It is easy to see that, if in ()5.6)1 we replace a and T by «_ and T_ , 
respectively, then both sides are zero. Hence, (dp/ dz)(0) G . 

Suppose now that D satisfies condition (2) of the proposition. Then ()5.6|) 
must hold. Moreover, the relation obtained from (|5.fij) by replacing Y with Y = 
X2 — 1X3 and X\ by —X\ (so that {Xq, —Xi, X2, —X3} is positive) must also 
hold, viz. 

(5.7) (a - tmce(B y f + t^J*) (?) = -g{X x , T(X U Y)) - 2i ^(X 1; F) 
at xo • By taking the sum of ()5.6|) and (|5.7j) we obtain 

(5.8) (a - trace(5 r ) b + = (*^)(X 3 )) - 2B jr (X 1 ,X 3 ) 
at x . 

From the fact that the right-hand-side of ()5.8j) does not depend on X2 it follows 
that *T+2 B 3 ^ is proportional to g\^> . But *T is self-adjoint and trace-free, hence 
*T + 2Bf = 0. Then, by flSU), we also have a = trace(£ r ) b - and 
hence D = D- . □ 

Since, up to Riemannian coverings, any horizontally conformal submersion ad- 
mits global dilations, from now on, for simplicity, we shall consider only horizon- 
tally conformal submersions which admit global dilations. 

The following theorem is a reformulation of results of [5| (see Definitions 14.31 
and 15. II for '(— )twistorial map' and D_ , respectively). 

Theorem 5.3. Let (M 4 ,g) and (N 3 ,h) be orientable Riemannian manifolds and 
let ip : (M 4 ,g) — > (N 3 ,h) be a surjective horizontally conformal submersion with 
connected nowhere degenerate fibres. 

Suppose that orientations on (M 4 ,g) , (^,g\y) and (J%?,g\j?) are chosen such 
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that the isomorphism (TM,g) = (^,g\-f) © (J^,g\,^f) is orientation preserving. 
Then, the following assertions are equivalent: 

(i) there exists a Weyl connection D on N 3 with respect to which (p is (-)twistorial 
(with P' = P the bundle of anti- self- dual planes on (M 4 , g) ); 

(ii) the one-form 

(5.9) trace(5 r ) b - A" 1 d'^A - 

is basic where A is the dilation of <p, d M = o d and * j^ i9 is the Hodge star- 
operator on (Jrf?,g\,%f>) ; 

(iii) the two-form d (trace {B r ~f + | trace is self-dual. 
Moreover, if any of the assertions (i) ; (ii) or (iii) holds then: 

(a) p*(D)^ = D_ ; in particular, D is the unique Weyl connection that satis- 
fies (i) ; 

(b) M 4 is self-dual if and only if D is Einstein-Weyl. 

If M 4 is self-dual then, the following assertion can be added to the assertions 

(i) to (iii): 

(iv) There exists a (unique) Einstein-Weyl connection D on N 3 such that, for 
any local map ip : iV 3 — ► P 2 which is twistorial in the sense of Example \4-l\ , the 
map if) o tp ; M 4 — > P 2 is (—) twistorial (in the sense of Example \4-4\ )- 

Proof. Let 7r_ : P_ — > M be the bundle of anti-self-dual planes on M 4 and let 
$ = dip\p_ be the map induced by (p from P_ to the bundle of degenerate planes on 
iV 3 . Assertion (i) is equivalent to the existence of a Weyl connection D on iV 3 such 
that for any x G M 4 and any null geodesic 7 on M 4 with 7(0) = x , if we denote 
by p the field of anti-self-dual planes along 7 such that (dry/ dz)(z) G p(z) for all 
z , then d$(dp/ dz)(0)) G & , where & is the twistor distribution induced by D 
on the bundle of degenerate planes on iV 3 (Example 12.4ft . Thus, by Proposition 
15.21 . assertion (i) is equivalent to the existence of a Weyl connection D on iV 3 such 
that ip*(D) = D_ . Now, applying the conformal change tp*(h)\jg> = X 2 g\jp to 
(15.1)1 introduces the term — A _1 d^A so that the Lee form of D_ with respect to 
<P*{h>)\ji? is equal to the one-form ()5.9|) . Hence we have the equivalence of (i) and 

(ii) . Furthermore, if (i) holds then assertion (a) also holds. 

The equivalence (ii) <^=^ (iii) can be found in the proof of [Hi Proposition 4.4] . 
The fact that, if M 4 is self-dual, then (i) <^=^ (iv) is obvious. Also, if M 4 
is self-dual and ip is (— ) twistorial, then from Theorem 12.51 it follows that D is 
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Einstein-Weyl. Conversely, if ip is (— )twistorial and D is Einstein- Weyl, then 
by composing (p with local twistorial maps (N 3 ,D) — ► P 2 we obtain sufficiently 
many local twistorial maps M 4 — > P 2 to show that any anti-self-dual plane on 
M 4 is tangent to some anti-self-dual surface in M 4 . Thus, by Theorem 12.71 . M 4 
is self- dual. □ 

Remark 5.4. 1) D.M.J. Calderbank jH] calls a horizontally conformal submer- 
sion, between rea/-analytic Riemannian manifolds, satisfying condition (iii) of 
Theorem 15.31 self- dual. We have thus interpreted self-dual submersions as those 
which are (— )twistorial. 

2) By using the null-tetrad formalism (see (2Ej ), the equivalence (i) (ii) of 
Theorem 15. HI can also be obtained after a straightforward but tedious computa- 
tion. 

In the following, let ip : (M 4 ,c M ) -> (N 3 , c^) be a surjective horizontally 
conformal submersion with nowhere degenerate fibres from a four- dimensional 
oriented conformal manifold to a three-dimensional conformal manifold. Let L 
be the line bundle over N 3 associated with the bundle of conformal frames on 
iV 3 through the morphism of Lie groups p : CO(3,K) — > K \ {0} , (K = M or 
C) , characterised by a G CO(3,K) if and only if, a 1 a = p{a) 2 I (in the smooth 
category, L can be defined as the line bundle associated to the frame bundle of 
iV 3 through the morphism of Lie groups GL(3,M) — > (0, oo) , a i— > | det(a)! 1 / 3 , 
see jO] ). Note that L can be defined on any odd- dimensional conformal manifold 
(in the smooth category, on any (conformal) manifold) (N, cjy) and that its local 
sections correspond to oriented local representatives of cjv • Let E be some line 
bundle over N and let E = <p*(E) . 

To any pair (s, V) where s is a section of L* over some open subset U of 
iV and V is a connection on E\u there can be associated a connection V of 
E\ v -i(u) as follows: assume, initially, that s is nowhere zero, let h be the oriented 
local representative of cn over U corresponding to it and let g be the oriented 
local representative of cm over tp^iU) such that cp : (^^(f/), g) — ► (U,h) is a 
Riemannian submersion. Denote, as usual, "V = kerdy?, = Y^, and let uj G 
r(y9~ 1 (f/), y*) be the induced orientation on yl^-im) such that the isomorphism 
(T(v9 _1 (f/)),5() = (i'\ v >-i(y), g\r) © (jif\ v -i(u),<-P*{h)) is orientation preserving. 
If A is the local connection form of V with respect to some nowhere zero local 
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section a G T(U, E) , then we set the local connection form of V corresponding 
to y?*(°") equal to 

A = -oj + <f* (A) . 

We shall call V the pull-back, by if , of the pair (s, V) . Note that, if u is a 
nowhere zero function locally defined on N, the pull-back by f of (us, V) is given 
by — u uj + if* (A) . Hence, we can extend the definition of the pull-back by f of 
any pair (s, V) where the local section s of L* may have zeros. 
The monopole equation of [20J can be written as follows: 

(5.10) (d-a)u = *F 

where a is a function on a three-dimensional oriented Riemannian manifold 
(N 3 ,h), a is a one-form on N 3 , F is a two-form on iV 3 and * is the Hodge 
star-operator of (N 3 , h) . By interpreting a as the Lee form with respect to h of 
a Weyl connection on (N 3 , [h]), and F as the curvature form of some connection 
on some line bundle over (N 3 , h), the equation (|5.1()jl can be written as follows: 

Definition 5.5 (|2()[ll()j). Let Dbea Weyl connection on (N 3 , cn) ■ A monopole 
on (N 3 , c, D) is a pair (s, V) where s is a section of L* and V is a connection on 
a line bundle E over iV 3 such that 

(5.11) * N Ds = F 

where F is the curvature form of V . A monopole is called nontrivial if s ^ . 

Remark 5.6. Let (N 3 ,c) be a three-dimensional conformal manifold endowed 
with a Weyl connection D . 

1) It is well known (see ^0] ) that if (iV 3 , c,D) is Einstein- Weyl then, at least 
locally, there exist nontrivial monopoles on (iV 3 , c,D). 

Conversely, let (N 3 ,c) be a three-dimensional conformal manifold and let E 
be a line bundle over N endowed with a connection V. Also, let s be a nowhere 
zero (local) section of L* and let h be the oriented (local) representative of c 
corresponding to s. Define a one- form a such that — *f L a = f*(F) where F is 
the curvature form of V . Then (s, V) is a monopole on (iV 3 , c, D) where D is 
the Weyl connection on (iV 3 , c) whose Lee form with respect to h is a. 

2) Let h be a local representative of c over some open subset U of iV and let a 
be the Lee form of D with respect to h . Then, it is well known (and easy to prove) 
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that, on small enough open subsets U , monopoles on (N 3 , c, D) correspond to 
solutions of the equation Au = d*(ua) where A is the Laplacian and d* is the 
co differential on (U,h). Hence, if (N 3 ,c,D) is (the complexification) of a real- 
analytic conformal manifold endowed with a real-analytic Weyl connection then, 
at least locally, there exist nontrivial monopoles on (N 3 , c, D) . 

Assertion (i) of the following proposition is essentially in [TUt E] . 

Corollary 5.7. Let ip : (M 4 , cm) — > (N 3 , cn) be a surjective horizontally confor- 
mal submersion with nowhere degenerate fibres and let D be a Weyl connection 
on (N 3 , c N ) . 

(i) If ip : (M 4 ,Cm) — ► (N 3 ,Cn, D) is a (-)twistorial map, then it pulls back 
monopoles on (N 3 ,cn,D) to self-dual connections on (M 4 , cm) . 

(ii) Conversely, suppose that there exists a nontrivial monopole on (N 3 ,cn,D) 
which is pulled back by ip to a self-dual connection on (M 4 , cm) ■ Then, ip : 
(M 4 ,cm) —> {N 3 ,cn,D) is (-)twistorial. 

Proof. Let (s, V) be a nontrivial monopole. We may assume that s is nowhere 
zero so that it corresponds to an oriented local representative h of Cat ■ Let a be 
the Lee form of D with respect to h . Then (j5.11j) is equivalent to 

(5.12) -* h a = F. 

If A is a local connection of V , then the corresponding local connection form 
of V is A = —uj + ip*{A) where to G T^*) is as above. Now, by using the fact 
that 

(5.13) dcu = - trace(5 r ) b Au + 1^ 
it is easy to prove that dA is self-dual if and only if 

(5.14) -* h a- = p*(dA) 

where a_ = trace(i? r ) t> — *.%\ g I'^ is the Lee form of D_ with respect to h. 

From (J5.12|) and (J5.14)) it follows that a_ = a is basic. The result follows from 
Theorem 15. HI . □ 

Let M m be a manifold of dimension m > 3 endowed with a three-dimensional 
distribution Jf? . Suppose that J$? is endowed with a conformal structure c and 
a conformal partial connection D . In a similar fashion to the above, we consider 
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a line bundle L over M whose nowhere zero local sections correspond to oriented 
local representatives of c . 

Suppose that there exists a foliation 'f which is complementary to M' and 
assume, for simplicity, that there exists a submersion (p : M m —>■ N 3 whose fibres 
are leaves of Y . 

Then Definition l5.5l can be easily generalised by defining a monopole on c, D) 
(with respect to tp) to be a pair (s, V) where s is a section of L* and V a con- 
nection on a line bundle E over N 3 such that *jeDs = ip*(F) where F is the 
curvature form of V . (One could also consider line bundles on M endowed with 
partial connections over but then the resulting equation would depend on a 
local section of E .) 

Furthermore, if (M 4 , c) is a four- dimensional oriented conformal manifold then, 
a construction similar to above associates to any pair (s, V) a connection V on 
(f*{E) . We then have the following simple fact (which may be known) whose 
proof is similar to the proof of Corollary 15.71 . 

Proposition 5.8. Let ip : (M 4 , c) — > N 3 be a surjective submersion with nowhere 
degenerate fibres from an oriented four-dimensional conformal manifold. Suppose 
that D is a conformal partial connection on (J^ 5 , c\jg>) and let E be a line bundle 
over N 3 . Let s be a section of L* and V a connection on E . 
Then any two of the following assertions imply the third: 

(i) (s, V) is a nontrivial monopole on (Jff, c\j?, D) ; 

(ii) V is self-dual; 

(iii) D = D_. □ 

Next, we show how harmonic morphisms fit into the above discussion. 

Proposition 5.9. Let "V be (the complexification) of a one- dimensional (nowhere 
degenerate) conformal foliation on a four-dimensional oriented conformal mani- 
fold (M 4 ,c); letJ5? = y L . 

Then, the following assertions are equivalent: 

(i) there exist local representatives g of c with respect to which "V is locally 
defined by harmonic morphisms; 

(ii) there exist nontrivial monopoles (s, V) on (Jff,c\jp,D-) for which V is 
flat. 
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Proof. By Theorem 11.81 . assertion (i) is equivalent to the following: 

(i') locally, there exist representatives g of c with respect to which f is geodesic. 
Also, from (j5.13|) , we easily obtain that a pair (s, V) is as in assertion (ii) if 

and only if the following hold: 

(a) "V has geodesic fibres with respect to the local representative g of c whose 
horizontal component corresponds to s ; 

(b) if 9 is the local volume form induced by g on Y then d9 is equal to the 
pull-back by tp of the curvature form of V . 

We have thus shown that (ii)=>(i) . 

Conversely, suppose that (i) holds and let s be a nowhere zero local section of 
L* such that, with respect to the corresponding oriented local representative g of 
c, the foliation "V is geodesic. Then I 3 ^ = d9 where 9 is the local volume form 
induced by g on "V . Moreover, because "V is geodesic with respect to g , we have, 
locally, d9 = ip*(dA) for some one-form A on iV 3 . Furthermore, by Definition 
15.11 . we have — *jg>, g ct~ = I • Hence — *.%\ g a~ = ip*(dA) ; equivalently, the 
pair formed by s and the connection determined by A , on the trivial line bundle 
over N 3 , is a monopole on (Jif, c\jg>, DJ) . The proposition is proved. □ 

The following result gives another characterisation for twistorial harmonic mor- 
phisms between orientable Riemannian manifolds of dimension four and three, 
respectively. 

Corollary 5.10. Let (M 4 ,g) and (N 3 ,h) be orientable Riemannian manifolds. 
Let ip : (M A ,g) — > (N 3 ,h) be a surjective submersive harmonic morphism with 
connected nowhere degenerate fibres. Suppose that orientations on (M 4 , g) , (iV 3 , h) , 
{Y,g\y) and (J4?,g\^) are chosen such that the isomorphisms (TM, g) = (Y, g\f)(B 
and (Jf?,g\jr) = ((p*(TN),(p*(h) ) are orientation preserving. 
Then, the following assertions are equivalent: 

(i) There exists a Weyl connection D on N 3 with respect to which <p is (—) twistorial. 

(ii) There exists a basic one-form a on M 4 such that 

(5.15) [d^-a){\- 2 ) = *jffQ 

where X is a dilation of , * is the Hodge star operator on \ J$?, (p*(h)j and 
Q is the curvature form of the horizontal distribution (i.e., in the notation of 
TheoremXTJb. Vt = d9). 
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Moreover, if (i) or (ii) holds then the Weyl connection D of assertion (i) is 
unique and the one-form a of assertion (ii) is the pull-back of the Lee form of D 
with respect to h . 

Proof. Comparing the fundamental equation (jl.lj) with (J5.9|) and by using the 
fact that I = A fl , it follows that a one-form a on M 4 satisfies (J5.15|) if and 
only if it is the Lee form of _D_ with respect to <p*{h) . The proof follows from 
Theorem 15. HI . □ 

From jHIl Corollary 1.9] we obtain the following result on maps from Einstein 
manifolds (cf. Proposition 14.21 and Theorem 14. 5|) . 

Theorem 5.11. Let M 4 be an orientable four- dimensional Einstein manifold and 
let ip : M 4 — > N 3 be the complexification of a submersive harmonic morphism. 

Then, there exists a Weyl connection on N 3 with respect to which, with a 
suitable choice of orientations, if is (-)twistorial. □ 

Another consequence of Theorem 15.31 is that a one-dimensional conformal foli- 
ation with nowhere degenerate leaves on an oriented four-dimensional Riemann- 
nian manifold is both (+)twistorial and (— )twistorial (Remark I3.4f 5) ) if and 
only if it is locally generated by conformal vector fields [0] (the 'if part follows 
also from [2H] ). In particular, (the complexification of) any one-dimensional 
homothetic foliation locally defined by harmonic morphisms on an oriented four- 
dimensional Riemannian manifold is both (+)twistorial and (— )twistorial. 

With the same notations as above and in Section ^ we have the following 
consequences of Theorem 15. 3[ (in which we do not claim that (i) (iii) is 

new). 

Corollary 5.12. Let "V be a one- dimensional conformal foliation with inte- 
grable orthogonal complement on an oriented four- dimensional conformal mani- 
fold (M 4 , c) . 

Then the following assertions are equivalent: 

(i) Y is (±)twistorial; 

(ii) "V produces harmonic morphisms with respect to any local representative of 
c for which "V has geodesic leaves; 

(iii) locally, there exist representatives of c with respect to which Y is defined 
by totally geodesic Riemannian submersions. □ 
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We end this section with a result on (±)twistorial maps from conformally flat 
four-manifolds. Recall (see [33]) that, any conformally flat four-manifold can be 
locally embedded in the four-dimensional nonsingular quadric Q4 . 

Proposition 5.13. Let M 4 be an oriented conformally flat four-manifold and let 
ip : M 4 — > iV 3 be a horizontally conformal submersion with nowhere degenerate 
fibres. Then, the following assertions are equivalent: 

(i) ip is (-)twistorial; 

(ii) (p is (+) twistorial. 

Furthermore, if (p is (±)twistorial and M 4 is locally embedded in Q4 , then the 
twistor space Z(N) of the induced Einstein-Weyl connection on N 3 is, locally, a 
surface in Q4 such that the space of horizontal null geodesies of p is equal to the 
space of null geodesies on Q 4 which pass through Z(N) C . 

6. The classification of twistorial harmonic morphisms with 
one-dimensional fibres from self-dual four-manifolds 

In the last two sections we shall work in the real-analytic category. 

Firstly, we list the four types of (— ) twistorial harmonic morphisms with one- 
dimensional fibres which can be defined on a four- dimensional Riemannian man- 
ifold. Later on we shall see how they come from equation (j5.15|) . 

Type 1 ('Killing type' |8J). Harmonic morphisms <p : M 4 — > N 3 whose fibres 
are locally generated by nowhere zero Killing vector fields (see Section^ above). 

Type 2 ('warped-product type' |2j). Horizontally homothetic submersions 
with geodesic fibres orthogonal to an umbilical foliation by hypersurfaces (see 
Remark OT 1)). 

Type 3 (cf. [301 EU <P ■ {M 4 ,g) -> (N 3 ,h) is a real-analytic map which 

is, locally, the canonical projection K x iV 3 — > N 3 , (p, x) 1— > x , and 

(6.1) g = ph + p^idp + A) 2 

where A is a one-form on iV 3 which satisfies the Beltrami fields equation 
dA = - * A. 
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Type 4 (cf. (N 3 , h) is endowed with a Weyl connection D , <p : (M 4 , g) 
(N 3 , h) is a real-analytic map which is, locally, the canonical projection R x A^ 3 
N 3 , (p, x) i— > x , and 

(6.2) g = {e» + c) ft + (dp - a) 2 

where the Lee form a of D with respect to h satisfies the equation 

da — c* a + *dc = 
on TV 3 with c : N 3 — > M a function (if e p + c < , then we replace g with — <?). 



Remark 6.1. 1) Note that maps of types 3 and 4 are always harmonic morphisms 
by Theorem 1 1.81 . 

2) Let p : (M n+1 , g) — > (N n , h) (n > 1) be a submersive harmonic morphism 
with one-dimensional fibres. Then, the components of the fibres of p form a 
homothetic foliation if and only if either tp is of type 1 or, up to a conformal 
change of (M n+l ,g) with factor constant along the fibres, tp is of type 2. 

3) If ip : (M 4 , g) — > (iV 3 , ft,) is a harmonic morphism of type 3 then p and <p*(^4) 
are globally defined on M 4 . Indeed, if we denote by A the dilation of <p then 
p = X' 2 and tp*(A) = -d MJ (\~ 2 ) . 

4) If tp is a harmonic morphism of type 4 with da = then the horizontal 
distribution is integrable and, after a conformal change with basic factor, <p is of 
type 2 . If a ^ , then p and cop are globally defined on M 4 (this follows from 
the fact that, up to signs, we have 9 = dp — a and A -2 = e p + c o p where A is 
the dilation of p); in particular, e p + c o p has constant sign on M 4 . 

In the complex-analytic category the construction of type 4 is globally defined 
if e p + c o p is nowhere zero. Then, if a 7^ , e p and co<p are well-defined functions 
on M 4 . 

Proposition 6.2. Let p : (M 4 ,g) — > (N 3 ,h,D) be a harmonic morphism of type 
4 with Then, outside the zero set of c , after a conformal change with factor 

constant along the fibres and a suitable change of coordinates we may assume 
that c = ±1 - - that is, p is, locally, the canonical projection K x A^ 3 — > iV 3 , 
(p, x) 1 — ► x ? and 

(6.3) 2 = ( e P ± i)/, + ^^ d p- a ) 2 

e p ± 1 
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where the Lee form a of D with respect to h satisfies the Beltrami fields equation 

(6.4) da = ±* a 
on N 3 . 

Proof. We shall show that g = |c| (7 is as in (J6.H)) , (J6.4)) after the change of 
coordinates p = p — log |c| . 

Assume for simplicity that c > and let h = c 2 h. Then, the dilation A, 
fundamental vector field V and connection form 9 of the harmonic morphism 
<p : (M\g) -> (N 3 ,h) are as follows: A 2 = cA 2 , V = V and 9 = 9. Also the Lee 
form of D with respect to h is a = a — d log c. 

It is easy to see that 

da — c*a + *dc = 

written with respect to h becomes * da = ca. But, if we denote by * the Hodge- 
star operator on (iV 3 , h), then *|a2 = c" 1 *|a2 and hence 

(6.5) * da = a . 

Now it is easy to see that, with respect to p, h and a, the metric g has the 
required form. □ 

Now we are able to state the main result of this section. 

Theorem 6.3. Let M 4 and N 3 be real- analytic Riemannian manifolds of di- 
mensions four and three, respectively. Suppose that N 3 is endowed with a Weyl 
connection D. 

Then (p : M 4 — > (N 3 , D) is a (-)twistorial harmonic morphism if and only if, 
up to conformal changes of the metric on the domain and codomain, (p is of type 
1,2,3 or 4 ; further, the conformal factor on M 4 can be taken to be constant 
along the fibres of <p . If p is of type 2 , then D is the Levi-Civita connection of 
some metric in the conformal class of N 3 , whilst if p is of type 3 , then D is the 
Levi-Civita connection of N 3 . 

Proof. By Corollary 15.101 equation (j5.15|) is satisfied. If V(\~ 2 ) = then p is of 
type 1 . From [H21 Corollary 1.5] it follows that V(X~ 2 ) is real- analytic, and from 
now on we shall assume that V(X~ 2 ) is nowhere zero on some open set. Moreover, 
by replacing, if necessary, V with — V, we can assume that V(\~ 2 ) is positive at 
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each point. 



Let X be a basic vector field. Note that the left-hand side of ()5.15|) must be 
basic and hence, using [V, X] = we obtain X(V(\- 2 )) - V(\- 2 )a(X) = . Thus 



It follows that, if V^log V^(A -2 )) is nonconstant then is integrable, equiv- 
alently Q = on an open set, and hence, by real-analyticity, on M 4 . This, 
together with (|5.15jl . gives a = — 2d jr (logA) ; hence d° ?r (logA) is basic, that is, 
V(X(logX)) = for any basic vector field X. Because Jt? is integrable this im- 
plies that "V is homothetic, and hence after a conformal change with basic factor 
we get that <p is of type 2 (see Remark |6.1f 2) ). Moreover, as a is exact, D is the 
Levi-Civita connection of some Riemannian metric in the conformal class of N 3 . 

From now on we shall suppose that V(\ogV(\~ 2 )) = a for some constant 
a G R. If a = this implies that V(X~ 2 ) is basic. We can write V = 8/ dp for 
some function p which is zero on a chosen section of if . Hence A~ 2 = bp + c for 
some basic functions b and c. After suitable conformal changes on iV 3 and M 4 
we have A -2 = p + c/b, i.e., V(X~ 2 ) = 1 . By ()6.6|) , this implies that a = 
and hence D is the Levi-Civita connection of iV 3 . Moreover, we can locally write 
9 = d(A~ 2 ) + <p*{A) for some one-form A on iV 3 . Hence d Jf '(A _2 ) = — (p*(A) and 
Q = d9 = ip*(dA) which together with ()5.15j) gives —A = * dA . Thus we have 
proved that, if a = then, up to a conformal change with basic factor, ip is of 
type 3 . 

It remains to consider the case when V(log V(X~ 2 )) = a for some nonzero con- 
stant a. Then, if we set p = logV(X~ 2 ) , we can assume that V = ad/ dp. As 
V(X~ 2 ) = e p we have that aA -2 = e p + c for some basic function c. Hence 




(6.7) 



A" 2 = -( e p + c). 



From d 



a 

p = a9 and ()6.6|) we get dp = a9 + a ; equivalently 



(6.8) 



9 



1 



(dp — a) . 



a 
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Now, we can write 

a(d* - a)(\- 2 ) = a(cK - d^ p) (- (ef> + c)) 
(6-9) = e P d ^p + d^c - e" d^p - c d*p 

= d^c - c d M p = dc - c d M p = dc - ca . 

On the other hand, from ()6.8|) it follows that a Q = a d6 = — da which, together 
with (|5.15jl and (|fi.9|) , gives dc — ca = — * da . Thus we have proved that, if <p is 
not of type 1 , 2 or 3 then 

(6.10) da — c*a + *dc = 

and, locally, the metric of M 4 can be written in the form 

(6.11) 4 = I{( e P + c )/, + ^( d p-«) 2 } 

a e p + c 

where, obviously, we can assume that a = ±1 and that c is nonzero; since, if 
c = 0, then after a suitable conformal change of basic factor, (f is of type 2 . □ 

The following result is an immediate consequence of Theorem 15.31 and Theorem 
EH 

Corollary 6.4. Let M 4 be a self-dual manifold with a real-analytic metric and 
let if : M 4 — > (N 3 ,D) be a (-)twistorial harmonic morphism. 

Then D is Einstein-Weyl and, up to conformal changes of the metrics, tp is of 
type 1 , 2 , 3 or 4 ; further, the conformal factor on M can be taken to be constant 
along the fibres of (p . If (p is of type 2 , then both M 4 and N 3 are conformally 
flat, whilst if ip is of type 3, then N 3 has constant curvature. 

7. Constructions of self-dual metrics 

In this section we show that harmonic morphisms are related to known con- 
structions of self-dual metrics. 

Firstly, we recall the following construction of P.E. Jones and K.P. Tod [20] 
(see |25|, cf. |I3 EI). 
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Theorem 7.1. Let (iV 3 , [h], D) be an Einstein-Weyl 3-manifold and let (M 4 , N 3 , S 1 ) 
be a (local) principal bundle endowed with a (local) principal connection Jif C 
TM . Define a Riemannian metric g on M 4 by 

(7.1) g = v<p*(h) +v- 1 6 2 

where <p : M 4 — > N 3 is the projection of the principal bundle (M 4 , A^ 3 , S 1 ) , 
v = u o ip for some positive smooth function u on N 3 and 6 is the connection 
form of . 

Then (M 4 ,g) is self-dual (respectively, anti- self- dual) if the following S 1 -monopole 
equation holds on N 3 : 

(7.2) (d —a) u = *F (respectively, (d —a) u = — * F ) 

where a is the Lee form of D with respect to h and F £ T(A 2 (T*iV)) is the 
curvature form of ffi . 

Remark 7.2. The construction of Theorem l7. ll clearlv gives harmonic morphisms 
of type 1 and, if M' is flat, of type 2, up to a conformal change with basic factor. 

Theorem 7.3 (Type 3, cf. jH], JUS])- Let (N 3 , h) be a constant curvature 3-mani- 
fold and let A be a one-form on N 3 . Define a Riemannian metric on (0, oo) x A^ 3 
by 

(7.3) g = ph + p- 1 (dp + A) 2 (pe(0,oo)). 

Then g is self-dual (respectively, anti- self- dual) if the following Beltrami fields 
equation holds on N 3 : 

(7.4) dA = — * A (respectively, dA = *A) . 

Theorem 7.4 (Type 4, P). Let (N 3 , [h],D) be an Einstein-Weyl 3-manifold. 
Define a Riemannian metric on (0, oo) x A^ 3 by 

(7.5) g = ( e P ± i) h + -L-( d p-a) 2 (P€(0,oo)) 

where a is the Lee form of D with respect to h . 

Then g is self-dual (respectively, anti- self -dual) if the following Beltrami fields 
equation holds on N 3 

(7.6) da = ±* a (respectively, da = =F * & ) . 
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Remark 7.5. 1) The construction of Theorem 17.11 gives Einstein metrics if a = 
and h is flat, in which case g is Ricci-flat self-dual OUZI (see [33J). 

2) The construction of Theorem 17. 31 gives Einstein metrics if and only if (N 3 , h) 
has constant sectional curvature equal to 1/4, in which case g is Ricci-flat self- 
dual. The construction of Theorem 17.41 gives Einstein metrics if and only if a = 
and so h has constant curvature, in which case g also has constant curvature. 
These facts follow from Theorem 1.5] and are also true if we make a confor- 
mal change of g with factor constant along the fibres of (p . 

3) Let A be a solution of the Beltrami fields equation (|7.4jl on a three-dimension- 
al Riemannian manifold (N 3 ,h) with constant curvature. Then the components 
of A with respect to an orthonormal basis of left invariant one-forms are eigen- 
functions of the Laplace-Beltrami operator of (N 3 , h) (cf. [33] ; note that the 
corresponding eigenvalues are imaginary if (N 3 ,h) has negative sectional curva- 
ture). 

4) Let (N 3 , [h], D) be an Einstein- Weyl space for which there exists a surjective 
submersion ir : Z(N) — > CP 1 whose fibres are transversal to the twistor lines. 
Then, it is well known that, for any x\ , Xi G CP 1 = S 2 , the angle formed by 
any leaf of the foliation corresponding to 7r _1 (xi) and any leaf of the foliation 
corresponding to vr _1 (a;2) is equal to dists^xi, x 2 ) (see [Hj , [TU] ). 

For example, if D is the Levi-Civita connection of a Riemannian manifold 
(N 3 ,h) with constant nonnegative sectional curvature then (iV 3 , [h],D) has this 
property (see jH] )• It follows that, if the codomain of a harmonic morphism of 
type 3 has nonnegative constant sectional curvature then its domain is hyper- 
Hermitian. 

5) D.M.J. Calderbank jU] gives the type 4 construction with the extra con- 
dition on (iV 3 , [h],D) that it is an Einstein- Weyl space for which there exists 
a surjective submersion 7r : Z(N) — > CP 1 whose fibres are transversal to the 
twistor lines. Then the construction gives hyper- Hermit ian metrics which, after 
a suitable conformal change, are Einstein with nonzero scalar curvature. 
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